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Inverse Problems: yields from indirect measurements

Retrieve some quantities from measured data




A Navigation
Model ﬁttmg
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‘ Image Analysis

Radio-astronomical imaging




Saint Christopher fresco

Tommaso del Mazza (1385 —
1390) Louvre museum

air voids near the surface

air voids deep and thick

Infra-red photothermal thermography: A tool of assistance for the restoration of murals paintings?
Jean Charles Candoré, Gabriela Szatanik, J.L Bodnar, Vincent Detalle and Philippe Grossel, QIRT 2006, June 28th-30th, Padova, Italy
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Forward mapping

Data space Parameters space
\ / quantities to be retrieved...
measurements...

d:A(f)+n

Measurement noise

S

« True » data : no meas. noise

Forward mapping



Type of problems

Forward mapping A = linear ; non-linear

Parameters Data

continuous | continuous
continuous | discrete
discrete continuous
discrete discrete




Well-posed problem, ill-posed problem

Definition of an ill-posed problem, by [ Hadamard, 1923 ]

A(f) =d

1/ a solution exists

2/ the solution 1s unique

3/ the solution is continuous

Well-posed inverse problem

de Im(A)

Ker( A )=1{0}

A continuous

[ll-Posed problem:  if at least one of these conditions is satisfied
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Bad-conditionned problem

Even 1if the inverse problem 1s well-posed small variation
of data
—r
cond( A )= HAHHA" H
resulting variation
Ofparameters Condition number of A

cond( A)0 I| =—> bad-conditionned problem =—> ["—

Remark : cond(A)=1 when A=al

10



Image processing example: deconvolution with FFT
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Image processing example: deconvolution with FFT

image filtrée bruitée

réponse fréquentielle du filtre
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Image processing example: deconvolution with FFT

...you try to retrieve the original scene by:

WHY ?

Retrieved image

In fact, this approach yields:

X(r)H(r)+N(r):X(r)+N(r)

A(r)= H(r) H(r)

= Amplification of noise when H(r) tends to zero

13



Image processing example: deconvolution with FFT

image filtrée bruitée

Regularization

image reconstruite
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Derivation of a signal

1/ given Q) =2t

2/ compute T(t) by intergation: T(t) = 2

dT
dt

(1)

3/ simulate measurements by adding random error:

Y()=T()+e(t)

4/ derive the simulated data g(t) = d_Y

dt

15
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Matlab program: derivation — =0t

Derivation d’un signal expérimental

dT/dt = fi(t)

T=t**2 ==> fi = 2t

On choisit fi, pour calculer T

On simule des données expérimentales Y = T + erreur aléatoire
g(t) est la dérivation expérimentale de Y
clear;dx=0.1;n=100;x=dx*(1l:n) ;

o® 0© o© o o o°

T=x.*x;

gain=1;

bruit=gain* (0.5-rand(size(x))); % bruit de mesure
Y=T+bruit; % Y simule les mesures
fi=2*x%; fi calculé

o)
°
o)

°

g=diff (Y)/dx;

X1l=dx*(1l:n-1);
Xxr=x1+0.5*dx*ones (size(x1));
figure(gcft);

plot(x,T, 'k-',x,Y,'k.-",x,fi, 'k:'",xr,qg, "'k+');

legend('T calcul','Y bruité','fi connu', ‘g = dérivation signal');
title(‘bruit std = 0.03");

Derivation du signal

17



Deconvolution of a signal ar _ o(t)—hT (1)

dr

t
Solution:  T(t) = | @t —7)exp(—ht)dz

0 \
1/ given both input and the impulse response a(t)

2/ compute T(t) by convolution

3/ stmulate data
Y)=T()+e(t)

4/ deconvolution de Y(t) with a(t)

18



Deconvolution of a signal

fonction de transfert

1.5
1
0.5
0
-0.5
0 10 20 30
Sortie bruitée
2
1 i
O A
-1 ‘
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Entrée
1.5
1
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0
-0.5
0 10 20 30
Entrée reconstituée
1.5

10 20 30

fonction de transfert

1.5
1

0.5
0

%5 10 20 30
) Sortie bruitée

I W

0 10 20 30

9T _ oy - hT ()
dt

Entrée

1.5

1
0.5

0
-0.5 ; ;

0 10 20 30
Entrée reconstituée
2

0 10 20 30
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Matlab program: deconvolution ar _ @(t)—hT (1)

dr

% deconvolution d'un signal experimental

% dT/dt = fi(t) -kT =0 T=0

clear;

% Fonction de transfert
a=[10.750.50.250.1000000000000000000000000071;
a=(1/sum(a))*a;

n=length(a);

x=(1:n);un=ones(1,(2*n-1));

% Choix de I’entrée
fi=zeros(size(a));fi(6:15)=0.1*(1:10);fi(16:25)=1-0.1*(1:10);

% Convolution

c=conv(a,f1);
gain=0.5;bruit=gain*(0.5*un-rand(size(un)));sigma=std(bruit)
cr=c+bruit;

fir=deconv(cr,a);

subplot(221),plot(x,a,'k',0,1.5,0,-0.5),title('fonction de transfert');
subplot(222),plot(x,fi,'k',0,1.5,0,-0.5),title('Entrée');
subplot(223),plot(x,c(1:n),'k',x,cr(1:n),'k+-',0,2),title('Sortie bruitée');

subplot(224),plot(x,fi,'k',x,fir,'k+"),title('Entrée reconstituée'); 0



Example of a bad-conditionned matrix

oA —

inversion

1 1 1
Al I =
1 1015 | |1.01
% Exemple de Matrice mal conditionnée
clear;
A=[11;11.01]; eigenvalues
Y=[1 1] —
beta=inv(A)*Y B 0.0050
2.0050

Yr=[11.01]";

betar=inv(A)*Yr

% valeurs propres de A
V=eig(A)

% Nombre de conditionnement
cond=max(abs(V))/min(abs(V))

Cond(A) = 402 >> 1

21



Parameter Estimation

data
»  system )
q(t) ' ' e(l)
input :
model (1) ! Output
Error
Linear + Discrete Approach T=f(x,x,..x, B)
B=18.5.55.-.5, I’ Parameters Vector

(X1,X0 5.0 X ) Independant Variables

22



Linear Parameters Estimation Approach : Ordinary Least Squares

observable —— ¥ (ti) =T (ti ) téy,,)  CITors

Y=XPB+e

Random Variable

Y:[Yl,Yz,Y:;....Yn]t (p,1)

B=L5. 5. B35, X1 X Xy |
X21 X22 cee X2
X:[XI’XZ’X:S""XP]: p (n,p)
X Xy o Xy }




Linear Parameters Estimation Approach : Ordinary Least Squares

Y=XB+e

Minimize the norm of output error :

Sorg =¢€e=(Y-XB).(Y-XB)

Assuming

- Zero mean errors
- additive errors

- constant variance

- uncorrelated errors
- X;; known and non stochastics

- parameters non stochastics and no information a priori
24
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Linear Parameters Estimation Approach : Ordinary Least Squares
ViSous B) =2V, (XB-Y) (XB-Y)=0

where VB°(XB —Y)t — VB,Bfo — X' -=> XtXﬁ X'y

OLS Estimator B, ¢ =(X'X)" X'Y

Parameters 5

cov(eg )=(X'X e
Covariance Matrix

25



Example : Estimation of one parameter

1 S
L |/
_TN_ _fN_

N

2,11

5 p=s—
D f

i=1

>

~

|r )= \/ [ £ war

- If N is small, T; must be chosen for f maximum

- If T; equally distributed = N must be as high as possible !

26



Example : Estimation of two parameters

I (i) (e

1, &1 B, =7 —
L|_| £ & {ﬂl} 1) NP
AR
Ty ] /v 8w A 5 t )

et ol ):G[(f ({) (gt(;)lj

COV(A)W{NJI[V 0 ] cond(eov(8) = -

f 0 el le|’

max

- If T; equally distributed = N must be as high as possible !

- The condition number is independent of N !

27



Sensitivity Coefficients

X Xpp Xip
X:[XI’XZ’X3XP]: g
Sensitivity matrix _X al Xy oo X np |
Y
X;=X,@t.p)=—
aﬂj B

Linear Estimation: if X;; do not depend on the parameters

28



Gauss Markov Estimator

Assuming

. 2
- Zero mean errors cov(ey) =0"Q
- additive errors
- covariance matrix known

- X;; known and non stochastics
- parameters non stochastics and no information a priori

Sy =€e=(Y-XB) (cov(ey )" (Y-XB)
By, =(X'Q'X) XY

cov( eq )={( X'Q7'x )_].0'2

29



Example: GM estimator for 2 parameters

% Estimateur de Gauss Markov

% y=ax+b Y=ax+ b

% yr =y + bruit(x)

clear, | Uncorrelated errors Q = diagonal matrix
n=50;un=ones(size(1:n));x=(1:n);

:1 : . . .
E:o’ s. non uniform standard deviation
% bruit d’amplitude variable depending on amplitud
gain=0.001;
amp=gain*(x."3); % inverse de la matrice de covariance
bruit=amp.*(0.5-rand(size(x))); phi=diag(un./amp.A2):

% droites ’

y=a*x+b; % Estimateur de Gauss Markov (GM)
% matrice de sensibilité gm=inv(X=phi*X) PRt
X=[x"un']; ygm=bgm(1)*x+bgm(2);

% Estimateur MCO

bmc=inv(X"*X)*X"*yr'

ymc=bmc(1)*x+bmc(2);

figure(1), plot(x,y,x,yr,'+°)
figure(2),plot(x,y,'ko’,x,ymc,'k:",x,ygm,'k-") 30



Example: GM estimator for 2 parameters

120 T T T T T T T T T 60
O Données originales
1001 n Est!mateur MCO
50 Estimateur GM bA
données originales
80 + données bruitées +
40+
30r
20+
10
_20 1 1 1 1 1 1 1 1 1 O
0 5 10 520 25 30 3 40 45 50 0 5 10 15 20 25 30 3 40 45 50

- 1.060 - 0.9991
105 OLS | _1.057 GM 1 0.5012

GM : gives more strength to the least dispersed measurements

31



Maximum Likelihood Estimator

Assuming
2
cov(ey )=y =0"Q
- €rrors are zZero mean

- errors are additive
- normally distributed
- known covariance matrix

- X;; known and non stochastics
- no prior information about the parameters

—n/2

2(YB)=(22 )" 2y exp(«(Y-XB) y (Y-XB)/2)

S, =ee=(Y-XB)y ' (Y-XB)
B, =(XQ'x)' X'y
] 2

cov(eﬁ) (XQ X)

32



Spectral analysis of the finite linear problem

XB=Y
Singular Value Decomposition (SVD) X =USV’

parameters
space

<P

Vt

data space n

(p.p) p eigenvectors of
(nn)  (np) X'X
n eigenvectors of

.0, 4




Spectral analysis of the finite linear problem

USVB=Y U'USV'p=U'Y =@
N\

A4 0 0 .. 0
0 4 0
0
4,
0 ..
...... 0
0 0 0 0 0

No solutionif:r < n

No unicity if si:r < p

i=7‘+1 34



Stability and condition number

perturbation on the k" component

=>» perturbation on b

[sb|

Relative variation

oz] 4

uniform n—)> ob, _ A

perturbation ob, A

(e

0Z2Z.=07,U,
Jﬁz%vk
d(X) =
cond (X) R

35



Regularization = improve the condition number of X

- Truncature Threshold effect
conal(Xf)zi ﬁf =iiV.
/If = A l
- Penalization Tikhonov

2

S, (B)=[XB-Y[ +u[p-B

B=(X'X+u) XY

36



Regularization = improve the condition number of X

- Penalization by Tikhonov regularization

2

S, (b)=[Sb-Z] + |b—b

b, =[S'S+u| (S'Z+pub)

Full rankr = p o)
b=0

=

37
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T=T0 exp (- (t-t0)**2 Derivation and inversion

fi:dT/dt ° ° ° °
Tr = T + bruit with Tikhonov regularization

N=100;dt=0.1;t0=dt*N/2;t=dt*(1:N);T0=10;
T=TO0*exp (- (t-t0) ."2);£i=-2* (t-t0) .*T;
Q=sqgrt (T*T");
Amp=20;
bruit=Q/Amp* (0.5-rand(size(t))); % bruit
sigmaZ2=cov (bruit)
Tr=T+bruit;
% Coefficients de régularisation
k=[0 0.01 0.25 17;
% Matrice de sensibilité
X=dt*toeplitz(ones(1l,N), [1 zeros(l,N-1)]);
for i=1:1length (k)
G=inv (X'*X+k (1) *eye (N)) ;
fir=G*X'*Tr"';
VIi=eig(G) ;
ki=k (1)
cond_i=max (abs(VI))/min (abs (VI))
p=1;
subplot(2,2,p),plot(t,T, 'k',t,Tr, 'k',t,f1, 'k:",t, fir, 'k+"),
title(['k = ", num2str(k(i))1]1) 39
end

o® o° oP



Derivation and inversion with Tikhonov regularization

No
stabilization

effect

Important
bias

40



Deconvolution and inversion with Tikhonov regularization

dT/dt = £fi - hT

T=conv (fi,exp(-ht))

Tr = T + bruit
N=100;dt=0.1;t0=dt*N/2;t=dt* (1:N);
£1i0=10;h=1;
fi=fil0*exp (- (t-t0)."2);

o® o° o°

Q=sgrt (fi*fi') ; Amp=40;
bruit=Q/Amp* (0.5-rand(size(t))); % ruido
cov (bruit)
k=[0.002 0.02 0.05 0.1]; % Coef de regularizacidn
X=dt*toeplitz(exp(-h*(t(1:N))), zeros(l,N)); % Matriz de sensibilidad
T=X*fi'; % Modelo directo obtenido por convolucidn
Tr=T'"+bruit;
for i=1l:1length (k)
G=inv (X'*X+k (1) *eye (N));
fir=G*X'*Tr';

VIi=eig(G) ;

ki=k (1)

cond_i=max (abs(VI))/min (abs (VI))

p=1i;

subplot (2,2,p),plot (t,T, 'k',t,Tr, 'k',t,fi, 'k:',t,fir, 'k+',0,15,0,-5),
title(['k = ", num2str(k(i))])

figure(gcf); 41

end
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Regularization Coefficient
cov(e,) =U" cov(e,)U
if cov(ey)=0"1 nmmd cov(e,)=U'c’IU=0"1

With no regularization :
_ Amplification effect due to the

o « small » eigenvalues
? .0 On the STD
cov(b) = o (StS)_1 = .
2
0 re but: What is « small » ?
i P _

43



Discrepancy principle regularization

If you choose : y=¢> nmmmp b
-
‘+o
and  cov(b) = o> (StS)_1 =
0)

44



Discrepancy principle regularization

Az,
2
A +o’
b=
lPZP
A’ +0°
| P
A>0=b =
A <<0o=b =

et var(b,) = —

bias for the eigenvalues smallest
than the measurement noise std o

02

2

i

et var(b,) =1

45



Discrepancy principle regularization

Valores singulares de X

46



Discrepancy principle regularization

N=100;dt=0.1;t0=dt*N/2;t=dt* (1:N);
£1i0=10;h=1;
fi=fi0*exp (- (t-t0).%2);

UN=(1:N) ;gain=1;

ruido=gain* (0.5-rand(size(t))); % ruido
sigy=cov (ruido) ;
k=sigy;

X=dt*toeplitz(exp(-h*(t(1:N))), zeros(l,N)); % Matriz de sensibilidad
T=X*fi'; % Modelo directo obtenido por convolucidn
Tr=T'+ruido;

[W,D,V]=svd(X);

DD=diag (D'*D) ;

DDP=DD+k ;

XTX=V*diag (DDP) *V"';

figure (1)

plot (UN,DD, 'k',UN,DDP, 'k:"', [1 N], [sigy sigyl, 'k"');
fir=inv (XTX) *X'*Tr';
figure(2),plot(t,T, 'k:',t,Tr, 'k',t,fi,'k",t,fir, "k+")

47



Choice of the Tikhonov regularization coefficient: The L-curve

The L-Curve for Tikhonov Regularization

\\OESS filtering )

i

( more filtering )

log || Ax—b||;




Choice of the Tikhonov regularization coefficient: The L-curve

10

10

10

—_
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>

log(
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10
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I1/ Velocity and heat transfer parameters mapping:

A

infrared image processing

Introduction: IR thermography and Parameters mapping
Field Estimation for Local Mapping
Macroscopic characterization from averaging

Modal approach (SVD)

50



Background : New needs for full fields methods...

Spectacular Recent Progress

in field measurements...

Vibrations Brake disks (ESPI)

Dr. Ettemeyer GmbH & Co, Germany

... Velocity, concentration, déformations, stress, temperature, density...

Underground Landmines Detection
from Thermal Imaging

51



Background...

...From microscopic scale...

Temperature mapping of a micro heater
From photoreflectance imaging

...to astrophysic scale !

Mars Global Surveyor Thermal Emission Spectrometer

Thermal inertia mapping of Mars ground >2



...Background...

That 1s the « Full field methods » revolution...

Images are recorded from either :

1. One sensor scanning

Atomic force Microscopy, SThM, photoreflectance imaging, old fashion IR...

2. From a very high number of spatially distributed sensors

Focal Plane Array camera, PIV, Tomography X...

Challenge : how to process this intensive flux of data ?

Ex. : IR Camera 256 x 256 pixels 140 Hz 8 bits [II]I::> 8.75 MB/s 53



Heat transfer parameters estimation

/’

Indirect measurement

Temperature

Heat flux

local

n—— > <

(_...OF proportional

Experiment

\{ Direct model } /

/Thermophysical properties

Thermal conductivity....

Interface parameters

Thermal contact resistance...

Heat sources

4>[Measurements]

\_Other indirect magnitudes

Characteristic frequency...

T

Estimation

Method

>

54



Introduction: IR thermography and Parameters mapping

visible
0.4 ym \L 0.75 um
VY /INFRAROUGE
. . rayons Rayons X TRY; Lointhin MICROLONDES
Thermal Radiation ! . . et
104 103 102 10-1 1 100 1000

Longueur d’onde enpm 1o cine ysyel de 1a TIR - 1415 [Tyl

sens des énergies (et des fréquences) croissantes

14m =1 micrométre =0.000001m

spectre visible : 0.4 pm = violet -bleu
0.47m = bleu
0.55um =vert- jaune
. 0.65um =rouge..
Black body spectral radiance

o Lum Infrared thermo aphy 1 | ually 1-15 Lm
o Liminance speatrale (amp) rared ther ar .+ US

—<— Luminance spectrale (température fusion -aluminium) Luminance corps noir

- =X~ - Luminance spectrale (ambiant)

-+- - Luminance spectrale (azote liquide)

BT T

5 \\ﬂ
1000 / / TZ%}\&
AN
I - =)

Energy =» Signal / Noise

Sensitivity =2 Resolution

B A A 55




B

Infrared thermography

-« Microcomponent
-« analysis

L
R

A

jinng
Al

Qualitative

Vascular

Quantitative .
Skin & Fever

Temperature measurements

Microwave heating Calibration
Emissivity
Radiometric equations

Relative temperature measurements

Or even only propotional... N




. Sensor : InSb, InGaAs, MCT, microbolometric...

i~ Focal plane Array: 640x512 pixels or 320x256
pixels

i~ Typical : 150 — 400 Hz !!!
= thermal sensibility 30 °C: < 20 mK InSb, MCT

< 85 mK pbolometric

= Spectral Sens.:1-5umor 3 -5 um (InSb), 8 - 12
MM

i Integration time: about 10 pus

= One pixel Sensor = 30 um
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A

Velocity and heat transfer parameters mapping:

infrared image processing

Introduction: IR thermography and Parameters mapping
Field Estimation for Local Mapping
Macroscopic characterization from averaging

Modal approach (SVD)
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Our specific problem: IR Imaging and Heat Transfer

2D Signal - 2D Estimation — BUT: 3D equations

IR
Thermal Surface Measurements Thermal Excitation

Self-emission phenomenon
Variations in emissivity
H D Heat transfer

o  or ar1a(arj a(arj a(arﬂ
+V—+V —| k— | k= = | k—
x T ( &) M ) & &

II—— > Processing ??? Reduction ??? 3D to 2D ???
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IR Imaging and Heat Transfer: Estimation strategy

vertical pixels

320x256 px
14 bits ; 100 Hz

Reduction of the cube of information

Modal or nodal approaches ?7? 15 MB/s

modal = orthogonal transforms
nodal = discretization

horizontal pixels

ﬂ[":> Flaw depth in composite structures, delamination, etc...

Global processing
BUT (due to 3D heat transfer)
Difficult to link singular vectors to parameters (qualitative)

X. Maldague
Theory and practice of infrared technology for Nondestructive Testing, John Wiley, 2001 60

N. Rajic, 2002, Composite structures



IR Imaging and Heat Transfer: Estimation strategy

Local 1D in-depth transfer (pixels non spatially correlated)

Periodic excitation and Fourier transform / time

Depth range

Periodic excitation inversely proportional to
T Modulation frequencies
Lock-in recording and — . .
processing the k Higher modulation
temperature signal =

Near-surface region
Phase or Magnitude image analysis

Not always convenient: small scales, short transient times, chemical reactions...

Wu D., Wu C. Y., Busse G.,

Investigation of resolution in lock-in thermography: Theory and experiment,
Eurotherm Quantitative Infrared Thermography QIRT 96 61



Computer Vision: Motion Analysis .
Optical flow methods

CCD

Reflection

Light Intensity Measurements \ And

reflectibity differences

Brightness constancy constraint equation
dg _ og Jf%g@ﬁl dg dy 0
dt ot JdxJdt dy ot
I]IIII:> 2D Signal — 2D Estimation — 2D Equations

Jéhne B. 62
Digital image processing-concepts, algorithms, and scientific application, Springer, Berlin, 1991



Reduction to 2D Signal analysis IR

Thermal Excitation

1/ Thin plate / in-plane transfer T —

2/ Separable solution in thick medium

Vertical cracks - | H ‘ ‘ ‘
Moving homogeneous solid
Microfluidic chip _

3/ Macroscopic approach from averaging

Fin model in microfluidic chip
63




Linear estimation : minimization of the prediction error e(?)

measurements
t y(t)
»  system
q(1) } e(t)
excitation — C
Predictive

model (1)

The regression matrix is
filled with measurements

Sampled system

1 successive measurements

OLS Estimation

Wity )=H(ty P+e(ty)

Y,=H,B+E,

" —/
p= (HZHn) HZYn
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Linear estimation : minimization of the prediction error e(?)

The cost = biased estimador

A —1
E(ﬁ)=|3+(E(H2Hn)) E(HJE, )

Bias 1s zero if :

E( HZH n ) non singular & e(t) is a white noise
or
The input g(?) 1s independant of e(?)
and H(t) does not depend of y(7)
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Thermal diffusivity mapping from spatial random heating

2D In-plane heat transfer
Caméra IR

Transparent film with Lampe halog&ne g

randomly printed chessboard g g é § E é

Thin sample

pc(xy)a—T a(k(xy)aTj+a(k(xy) j hir_1,.)
ot ox ox ) dy dy | e

[—]

—l

@ Discretization

THA Tt = A AT +CTLr 6K ST +CTL 56 K 48, T - LT - T, )
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Linear least squares
Maximum likelihood Estimator

T =X
Hypothesis :

- zero mean and additive errors

- [ constant and unknown before the estimation and X;; known without
error

- constant variance (6 known) and uncorrelated errors

S=(Y-XB).(Y-XB)

Estimator p=(X'X) XY
Estimation error cov(eg )=( X'X )_] o’
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Thermal diffusivity mapping from spatial random heating
oAt _jto INCPR LPR L L

At ATt st ottt

Point by point estimation

X'X = 4x4 matrix

4ij Sequential implementation of the sums
5xkij (Recursive estrimation)
3 (pc);;
ij = 5ykij Simplified model %Arﬁi x (Tti+At _ i )
(pe);; B=Auwr—"> A=:=0
i H ij %(ATQ )2 68

i=0



Thermal diffusivity mapping from spatial random heating

Important bias
| in the
Correct estimation ‘ I | unperturbated region

in the 2t '1‘ .

perturbated region

\'

Homogeneous plate with local heating

.. . Periodic bias in the
Periodic heatin >
e a unperturbated points

ZATti K (Tti-l_At —Tti )

= 69



Thermal diffusivity mapping from spatial random heating

el
Initial
randomly distributed
temperature field

a0

25

Sample

20 40 B0 g0 100 120
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Thermal diffusivity mapping from spatial random heating

Final
temperature field

Estimated
thermal diffusivity
field

20

40

atl]

g0

100

C— -
e e
.
&
. . - q
- =
50 100 120

120

2B

25

24
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Experimental Results : crack detection on an aluminium sheet

Initial thermal field Thermal diffusivity mapping

'

- N

Batsale JC, Battaglia JL, Fudym O.

Autoregresseive algorithms and spatially random flash excitation for 2D non-destructive
evaluation with IR cameras, QIRT Journal 1 1-20, 2004.
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Thermal diffusivity mapping from spatial random heating

IR Camera

LI
Photothermal he‘at pulse .
semitransparent film § § Thick Sample
§ § (semi-infinite)

_

Semiinfinite ‘ ‘
cracked sample

T.(0,t)=C/t

Separability
T( X, Yy Z,1 ) - Tx’y( X, y’t )TZ( 2,1 ) (fI'OIIl Quadrupole approach)

Tx, y( x,y,t)=T(x,y,2=0,t )\/; New Observable variable

A

N D S AP N .
BML:(X't ]X) <t ](Yt+At_Yt)
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Velocity and diffusion mapping for a moving solid

“Flash”
excitation
2D Mask 1

dIl xyzt) 31? xy2t), 31? x3at)_

o ax W

Infrared
Camera

Diffusing pattern after 2D
dlsplacement non-uniform
field V X, y

Time 1 / 2D non-uniformly moving semi

infinite medium

[ Txyan) FMxyzt) Plxya)
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Total Least Square Estimation

of (x,yt) O (xvyt)
Y &

02 + 57

BY;’y(x, yt) a{&)z];’y(x, yt) aza,y(x,y,t)}

\ (x,y):[Vx(x,y) Vy(x,y) a(x,y) ]]T 75



Example for linear regression

x|
X =
Direction spanned R 1 i
by
A Euclidian
Im( X ) distance
OLS M
— __OLS
__TLS
TLS
e
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Total Least Square Estimation

{ ()| () (x)f = minf

With the constraint H (x, y)H2 =1

{ o) | () )+ 21 (x3)7) = minf

Lagrange multipiers

(xy)= (xy)" (%)
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Total Least Square Estimation

Minimum for (x,y) (x,y)z/l(x,y) (x,y)

Vmin (x’ }7) ﬂ“min (x’ y)

Eigenvector associated with the minimum eigenvalue

BUT AnZAy_12.>4 =.=4) =0

Threshold ?

Noise subspace dimension ?

- spanned by the eigenvectors of the “close to zero” eigenvalues -
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Velocity and diffusion mapping for a moving solid

)
iiiiiii i
iiiiiii
-
I~
[
'
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1111111 )
'
[
[
1 o,

i
iiiiiii -
4444444
uuuuuuu

i
L0 i i i i e i e i L )
[
s
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- i
- i
- ol ol o i i el el e el

i
i -

Diffusivity and velocity mapping from previous image sequence sampled at 25 Hz
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A

Velocity and heat transfer parameters mapping:

infrared image processing

Introduction: IR thermography and Parameters mapping
Field Estimation for Local Mapping
Macroscopic characterization from averaging

Modal approach (SVD)
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Macroscopic characterization from averaging

Inlet of chemical products

Outlet

PDMS resin (1 cm)

Infrared
Imaging System

Glass cover

Microchannel \'

Glasses substrate (100 um)

Microchannel

PDMS Resin

vy Microchannel

Heating resistive film
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Macroscopic characterization from averaging

20
40
60
80

100

120

140

160

180

200

2
ox

8100

8000

7900

7800

7700

7600

7500

7400

7300

7200

50 100

150

Y

200

7
dy

dY
k
( 8xj+ dy

kO |+ S —HY =
k

20
sl
60'ﬁ.:--: ARG
sopt
o r e P ST
120|;'i:i

140} it

160 i

180

200

() y

100 120 140 160 180 200

20 40 60 80

dkJdY JkJY g
dxdx dydy

AY + HY
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Macroscopic characterization from averaging

2 2
IT; 9T gi(wt)_ 19T, v, 9T,

2 2 k. a dt a o
ox 0—))? az al Y

l

Analytical Averaged Temperature Model :

2 *

2 * e N

<O >-<0,>=7¢
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Macroscopic characterization from averaging

I
(O] (0]
(@) (@]
© ©
1 E Ejlr
B ®
S EQTE
gees g
~— QY]
> >
" " " "
N~ (o] T} <t [ap] Al — o -
(M)

Fitted with

Heat losses

y (pixels)
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Macroscopic characterization from averaging

X 104
18 F

16 +

—— Retrieved Heat Source
— Heating film

14}

12+

10

W/m3

_2 | | | |

| | | | |
0 20 40 60 80 100 120 140 160 180
y (pixels)

Retrieved Heat Source

200
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=

Velocity and heat transfer parameters mapping:

infrared image processing

Introduction: IR thermography and Parameters mapping
Field Estimation for Local Mapping
Macroscopic characterization from averaging

Modal approach (SVD)
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Modal decomposition

X

~
Gb of data

Modal approach

-

Inversion in the transformed

space

Kb
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Why Singular Value Decomposition ?

SVD = Projection on
Empirical Orthogonal Functions

According to literature, SVD is very convenient to perform data compression
and “denoising” (provided data can be arranged as a 2D matrix)

US SS VST

A U S i
mxn mxr rxr rxn

r Ir
Compression/denoising mEE) A = Z’ik U, v, = Zﬂk U, -7
k=1 k=1
\ T
Separation properties  mEE) A(x,t)= Z/%k U, (x)-V, (1)
k=1

samedi 15 septembre 88
2007



Equivalent heat equation (1D example)

a( E)Tj oT
L A i
ox ox ot

:

azUk() dax 8Uk £ ;tJ ;'

a0 Skl
l

da(x) .

ox

U, (x)=U, (x) k=1.r

a(x)-U, (x)+
| v |
First term: “Laplacian” 29 term:“gradient” 3" term: “observable”

Which modes and which locations are best suited for the estimations of a(x) ?

:

Need for a sensitivity analysis...
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Sensitivity analysis in the transformed space

Locally, we compare the terms of the model

Normalized terms of the model plotted over an area

Simulated 1D temperature profiles

3.5 :
Spétial Peliod

3 L
@ 2.5
E
> 20
o
515}
o
|_

—
T

0.3

0.2+

01t

No unit

-0.3¢

-0.43

without defect, using mode 1

0.5¢
0 —
150
X Arbitrary units
P (U 1:Ui )

0 & |p(U,.U)- ‘

@@‘Pd’ﬁ'&d:d:@fbaa(bqjq{, e \\
¥ VA \\
¢ /’ & ¢
& / \\
// @ \
t ¥ .
& s
& / ¥
/
s &
4 #
/ Poabad
\\-. ”
i o Normalized observable
+ Normalized D2U1/Dx
—-—-Normalized DU1/Dx
40 50 60 70
X Arbitrary units
\<U‘1 U, >\
- — =~ 1
o ||
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o
w o,
T

I
un
T

T arbitrary units

0.5¢

Sensitivity analysis in the transformed space

Locally, we compare the terms of the model

Simulated 1D temperature profiles

]

—
n
T

—
T

Normalized terms of the model plotted over an area

with defect, using mode 1

e | 0.4
SthiaI Pefiod o Normalized observable
03| * Normalized D*U1/Dx* o
——~Normalized DU1/Dx [+, =
0.2 - oo ++++++j‘i_
e fo} +
01r \\\ @ OOOCj,‘c")‘bgc'cw
+ o
o O, N gt / '
= + At + /
2042 +++++++++++5r<tJr e _,"
o - 7
gak 2 oo N/
g ol Torelelelele s \ f.-"
L
150 250 -0.3¢ L
X Arbitrary units
_0% 1 1 + 1
0 70 80 90 100
X Aribtrary units
e NS
‘P(U1,U1)‘:.—~>O & ‘,0 (UI’UI )‘: y —r <1
ara o |-l |
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Sensitivity analysis in the transformed space

Local correlation between U'k and observable

-
ot
[ I
Correlation between the terms of the model E 10
1 i
Correlation between U'k and observable % 20 |
Correlation between U"k and observable = 30
08 Correlation between U'k and U"k 50 _1 00 150 200
o Local correlation between L'k and U"k
)
= 06} - + Z 10§
5 g 20 ¢ :
Zo o 30 = = =" sl i i W L
04 1 = 50 100 150 200
A Local correlation between U"k and observable
*
0.2} . S 10"
£
o 2
= - o . a » o - i _'._' -~ |
0 1 1 Qo 3
0 5 10 15 20 25 30 = 50 100 150 200
Mode index k X arbitrary units

(1

Physical model can be locally simplified, only the
three first modes of the decomposition are needed

MODEL REDUCTION, DATA COMPRESSION, SENSITIVITY ENHANCEMENT!
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From sensitivity analysis to inversion

k=1.r k=1.3 k=1.3
7177l i 7l oyl i Ti ~ .
p(Uk’Uk)_p(Uk’Uk)p(Uk’Uk) HUk , NN HUk Uk(z)
a" (i) = Y Ik a*()==p(U}.04) 1=y a (i) =~
i i i i ;
-7
2 210 :
> qo- ——diffusivity profile computed with first mode . .
é‘&? ——exact diffusivity profile NO nO|Se, maximum
53 5 s | X iy
z& — / sensitivity
-CI;.) 0\_ L L L L i
= 0 50 100 150 200
X Arbitrary units
27
> x10
% 101 k _ 2 ‘ —— profile computed with second mode
25 of - fm ——exact diffusivity profile
T 60 .. o Al
Eé 47 T
E 2_ 1 | 1 | i
= 50 100 150 200
X Arbitrary units
x 10"
>\ T T
s 10 k _ 3 ——profile computed with third mode
é iy - ——exact diffusivity profile
TE 5 A A A A2 Lo T ]
5 E VYV Y VY Y YT
E 1 i
E D | Y 1 ! 1 Il
50 100 150 200

X Arbitrary units 93



Simulation results with noise

Fourier /
| . A
10 stimated diffusivifyprofile
: ' ©  Exact diffusivity gfrofile |
s
ENS
S
- % L "
4 kN
5 !
5
a . I (AR e DO 00
- ©  Exact diffusivity profile L
+ correlation between U"k and observgile 2
¢ Estimated diffusivity profile zﬁ/ cmﬁ-5 . g%w
"N : : : 50 100 150 2
0 50 100 150 0 X Arbitrary units

X Arbitrary units
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Same kind of correlation approach for the nodal methods

Sensitivity Model & Local  Noise Analysis
analysis Inversion

A

=)

»
»

X

N U\ AN /
[ e ~N ~

Go of data  Reduce sequency : Mo  Parameter fields : Ko of data
of data
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Pisgls

1D Example: ceramic composite medium

x+7/2 25 ad
a,(x,t)= I ) T(u’t)-aT(u’t)du /
x> ot
u=x—7/2 u

ax(x):[jp(x,t)-ax(x

Coeflicients de correlation entre laplacien et dérivée par rapport au termps

g0 "
80
100 f
120

140

100 280

Correlation factor mapping

Diffusivite (&)

» Bf(x,t)
2 (O2F (1) o
I 2 du = p('x’t) 2~
N RGP O°T (x,1)
ox?
,t)dtJ/ Ip(x,t)dt]
t
a «o°
1 ?1
BF L écart type des estimations
[
:,-' -

Profil de diffusivités

Yaleur de référence (diffusivité macroscopique)

I 1 1
100 120 140

I
160

Ll

Thermal diffusivity profile
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