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Part I - Hybrid Approach
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Motivation

� Develop improved lumped-differential
formulations in heat and fluid flow.

� Advance a hybrid numerical-analytical
solution methodology for PDE’s.

� Exploit new concepts on algorithm 
implementation, based on mixed symbolic-
numerical computation.

� Construct new algorithms for inverse problem
analysis based on such hybrid paths.



Hybrid Tools

� The Coupled Integral Equations Approach 

(Improved Formulations) - CIEA

� The Generalized Integral Transform Technique 

(Hybrid Methods) - GITT

� The Mathematica System (Mixed Computations)

� Inverse Problems (Identification & Design)
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The Generalized Integral 
Transform Technique - GITT

� Choose the associated eigenvalue problem.

� Develop the integral transform pair.

� Integral transform the original PDE.

� Numerically (or analytically) solve the resulting 
coupled ODE system for the transformed 
potentials.

� Recall the analytical inversion formula to 
reconstruct the hybrid solution of the desired 
potential.
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Classes of Problems
(Linear and Nonlinear)

� Diffusion

� Convection-Diffusion

� Eigenvalue Problems

� Boundary Layer Equations

� Navier-Stokes Equations
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Advantages - GITT

� Time-consuming numerical task is always in 

one single independent variable (ODEs).

� Reasonably simple computational 

implementation (subroutines libraries).

� Handles irregular domains directly.

� Automatic global error control.

� Mild increase in computational cost for 

increasing number of space variables.



Total Transformation

PARABOLIC & PARABOLICPARABOLIC & PARABOLIC--HYPERBOLIC:HYPERBOLIC:

1 D- 3 D PDE System of ODE’s (IVP)

DIVPAG/IMSL, NDSolve

ELLIPTIC:ELLIPTIC:

2 D- 3 D PDE System of ODE’s (BVP)

DBVPFD/IMSL

Û

Û



PARABOLIC & PARABOLICPARABOLIC & PARABOLIC--HYPERBOLIC:HYPERBOLIC:

2 D- 3 D PDE 1D – System of PDE’s
(DMOLCH/IMSL, NDSolve)

ELLIPTIC:ELLIPTIC:

3 D PDE 2D – System of PDE’sÛ

Û

Partial Transformation
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Convergence of Integral Transforms
Acceleration Techniques

Filtering

Single Multiple Local-Instantaneous

Integral Balance

A posteriori A priori Combined with Filtering

Series Transformation

Aitkens/Lanczos Shanks Nonlinear Transf.
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Benchmarks

Cotta, R.M., and M.D. 
Mikhailov, “Hybrid 
Methods and Symbolic 
Computations”, in: 
Handbook of Numerical 
Heat Transfer, 2nd 
edition, Chapter 16, Eds. 
W.J. Minkowycz, E.M. 
Sparrow, and J.Y. Murthy, 
John Wiley, New York, 
pp.493-522, 2006.
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Application in Strategic Areas

� Space: Thermomechanical design of recoverable orbital platforms

� Nuclear: Optimization of ultracentrifuges for uranimum enrichment & 
Analysis of nuclear fuel with high burnup

� Environmental: Dispersion of waste from electricity generation
within the paths soil-water-atmosphere & Environmental Impact
Assessment from Mining and Milling Industries.

� Natural Gas: Rapid refueling of vehicular natural gas tanks & 
Adsorption storage in virtual gasodutes. 

� Petroleum: Simulation of tracers injection in petroleum reservoirs & 
Analysis of Pipe-in-pipe designs for ultra-deep petroleum exploration.

� Nanotechnology: Fabrication, charactherization and convection
behavior of nanofluids.



UNIT Project UNIT Project 

I.    Compilation and organization of 
available codes and developments

II.   UNIT Code (Unified Integral 
Transforms) design and construction

III.   Hybrid solutions for engineering 
problems with multiphysics
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UNIT Project UNIT Project 

Hybrid solutions for engineering problems with multiphysics

� Environmental Modeling: Fluid Flow, Mass Transfer, Heat Transfer, 

Solid Mechanics, Biochemistry, Risk Analysis.

� Micro-Electro-Mechanical Systems (MEMS): Fluid Flow, 

Electrodynamics, Mass Transfer, Heat Transfer, Biochemistry.

� Nano-structured Materials (Solids and Fluids): Fluid Flow, Heat 

Transfer, Mass Transfer, Solid Mechanics, Electromagnetism.

� Emerging Energy Sources (Natural Gas, Hydrogen, Solar and Nuclear 

Energy): Fluid Flow, Thermochemistry, Heat Transfer, Mass Transfer, 

Particle Transport.

� Bioengineering Modeling (Biofluids, Bioheat, and Tissue Engineering): 

Fluid Flow, Biochemistry, Heat Transfer, Mass Transfer, Biology, Solid 

Mechanics.



UNIT Project UNIT Project 
Environmental Modeling: 

- Contaminants dispersion in soils: unsaturaded, 
heterogeneous or fractured porous media with non-
linear sorption effects and/or chain reactions;

- Flow and dispersion of chemicals in rivers and streams 
with groundwater and porous bed interactions;

- Atmospheric flow and pollutants dispersion simulation 
with soil deposition modeling;



INB-COPPE Project
Uranium Mining and Milling

Pond 2



Source Term Charactherization:
Source Conditions

3.46x1011   Bq

7.16x1010   Bq

1.66x1010 Bq

6.43x1011 Bq

Inventory
Pond 1

6.16x1011   BqPb

5.51x1010   BqRa

1.68x1010 BqTh

5.34x1011  BqU

Inventory
Pond 2

Element



Coupled Unsaturated Vertical Transport
with Saturated Horizontal Transport

Pond No. 2

Aqüífero 

Granular
Zona de 

mistura - C0(t)

Solo não 

saturado



Soil Structure
Undisturbed Soil Sampling

• AMD 3

5  m

Solo amarelo

Transição verm-amar

Solo vermelho

Transição amar-rocha

Rocha alterada

• P2-AMD & AMI

• P2-AMD & AMI

2.50 m

3.50 m

4.50 m

• P2-AMD & AMI

• P2-AMD
5  m



RadionuclidesRadionuclides ChainChain DispersionDispersion in in 
UnsaturatedUnsaturated//SaturatedSaturated PorousPorous Media Media 



RadionuclidesRadionuclides ChainChain DispersionDispersion::
GITT GITT CodeCode validationvalidation



RadionuclidesRadionuclides ChainChain DispersionDispersion::
GITT GITT ConvergenceConvergence AnalysisAnalysis

order N

x
 [

m
]



Results – Different Radionuclides
Migration Behavior

Pb & Ra Concentrations [Bq/m3] along horizontal layer (t=500 to 10.000  
years, from green to red, with vertical layer):

10.000 years 10.000 years



Results – Influence of Transport
Properties Identification

Uranium Concentrations [Bq/m3] along vertical layer (different retardation, Kd):

Kd for sandy soil Kd for clay soil



UNIT ProjectUNIT Project

Micro-Electro-Mechanical Systems

- Roughness effects in heat transfer enhancement in micro-
channels;

- Analysis of electro-osmotic flows with heat transfer;

- Simulation of reactive flow with heat and mass transfer 
within microchannels;
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Experiments with Microchannels
Experimental Setup

;   
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Experiments with Microchannels
Results – MICROCHANNEL (280 µm)

;   
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Experiments with Microchannels
Results – MICROCHANNEL (280 µm)

;   
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Experiments with Microchannels
Roughness – MICROCHANNEL (280 µm)

;   
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Experiments with Macrochannels
Roughness Effects – Laminar Flow

;   

fRe

Nu

♦

x
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Streamfunction Formulation
Navier-Stokes Equations
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Primitive Variables Formulation 
Navier-Stokes Equations
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Mixed Formulation
Navier-Stokes and Energy Equations
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S.F. x P.V. x Mixed Formulations
Regular Channel

Table 1 – Covalidation of centerline velocity along channel length, U(X,0), between the 

primitive variables [27] and the streamfunction [18] formulations. Relative error control 10-4.

1.2501.1701.024Mixed1200

1.2501.1701.024Streamfunction1200

1.2521.1731.026Primitive Variables1200

1.3471.2421.036Mixed600

1.3471.2421.036Streamfunction600

1.3481.2431.039Primitive Variables600

1.4441.3371.052Mixed300

1.4441.3371.052Streamfunction300

1.4441.3341.050Primitive Variables300

x = 7.5000x = 3.3333x = 0.2083FormulationRe
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Streamfunction Formulation
Irregular Wavy Channel
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Streamfunction Formulation
Irregular Wavy Channel
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Streamfunction Formulation
Convergence Behavior of the Streamfunction at y = 0.5 for Re = 100 and αααα = 0.2.

0.71590.71590.71590.71570.714720

0.72120.72120.72110.72040.716715

0.74990.74990.74980.74930.744511.5

0.74630.74630.74630.74570.74089.5

0.74010.74010.74010.73940.73417.5

0.72760.72760.72750.72680.71975.5

0.67630.67630.67620.67610.67573.5

301814106

N
x
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Streamfunction Formulation
Rough Micro-Channel Simulation: Streamfunction

at y = 0.5 for Re = 100 , αααα = 5% and ωωωω = 2ππππ

5 8sen( / 2)
( ) sen[ ( 3)]

2( )1

n
f x n x

nn

π
α ω

π
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Streamfunction Formulation
Rough Micro-Channel Simulation: Streamfunction

at y = 0.5 for Re = 100 , αααα = 5% and ωωωω = 2ππππ

N x = 0 x = 3 x = 9 x = 15 x = 18

6 .68750 .71648 .69453 .66659 .69096

10 .68750 .71677 .69537 .66710 .69107

14 .68750 .71681 .69568 .66733 .69112

18 .68750 .71681 .69570 .66736 .69114



UNIT ProjectUNIT Project

Nano-structured Materials (Solids and Fluids):

- Modeling, characterization and simulation of nanofluids
for energy, petroleum and natural gas sectors;

- Thermal and structural modeling and characterization of 
nano-structured composites for aerospace thermal 
protection systems;



Nanofluids Project – UFRJ/PetrobrasNanofluids Project – UFRJ/Petrobras

;   

Nanofluids for Energy Efficiency in the Natural Gas
& Petroleum Sector

- COPPE/UFRJ – Lab. of Transmission & Technology of
Heat

- CENPES - Petrobras Research Center

- INMETRO – National Institute of Metrology



ConceptConceptConcept

;   

TheThe termterm nanofluidnanofluid hashas beenbeen createdcreated byby S. S. ChoiChoi, , ArgonneArgonne
NationalNational LabLab, USA, to , USA, to describedescribe thethe twotwo--phasephase mixturemixture ((solidsolid--

liquidliquid) in ) in whichwhich thethe disperse disperse phasephase are are nanoparticlesnanoparticles ofof metalsmetals oror
metalicmetalic oxides, in general oxides, in general smallersmaller thanthan 100 100 nmnm. . 



TwoTwo stepssteps methodmethod

NanoparticlesNanoparticles

FormulationFormulation

ProcessingProcessing

((ultraultra--soundsound))

CaratherizationCaratherization andand teststests

Nanoparticles: Al2O3 e CuO

Base-fluids: Water (miliQ) and Ethilene-glicol

Method: Ultrasonic vibration + Dispersant

Fabrication - Cooperation with DIMAT/INMETRO



 
Granulometria 

(nm) 
Área superficial 

(m2/g) 
Pureza Densidade Produtor 

γ-Al2O3 20 – 30 180 99,97% 3,97 g/cm
3
 

Nanostructured & Amorphous 
Materials Houston, USA 

αααα-Al2O3 30 – 40 / 99 % 3,97 
Nanostructured & Amorphous 

Materials Houston, USA 

CuO 30 – 50 131 99,97% 6.4 
Nanostructured & Amorphous 

Materials Houston, USA 

 

Nanoparticles: Al2O3 and CuO

Base-fluids: Water (miliQ) and Ethilene-glicol

Especificações declaradas pelo próprio fabricante

 Pureza  Produtor 
H2O Milli-Q 99,99%  Milli-Pore 

Etileno Glicol 99,5 %  VETEC QUÍMICA FINA LTDA 

    

 

Fabrication - Cooperation with DIMAT/INMETRO
Materials employed



BallBall MillingMilling

PowderPowder withwith dispersantdispersant andand

spheresspheres ((diameterdiameter 5 mm)5 mm)

Fabrication - Cooperation with DIMAT/INMETRO
Preparation of Nanofluids for Convection Experiment



Nanofluids in Forced Convection

Zeta Potential and Particle Size Distribution (Al2O3-water)

1.6 (1.24)% Vol, potencial ζ -19.6 mV



Nanofluids in Forced Convection

Experimental Setup



Nanofluids in Forced Convection

Problem Formulation – Models

ModelModel 1 1 –– EffectiveEffective ThermophysicalThermophysical PropertiesProperties

ModelModel 2 2 –– ThermalThermal DispersionDispersion EffectEffect

ModelModel 3 3 –– MigrationMigration ofof DispersedDispersed PhasePhase



Nanofluids in Forced Convection

Problem Formulation – Nonlinear Effective Fluid Properties



NANOFLUIDS
FORCED CONVECTION
Validation with Nusselt

numbers from empirical and

theoretical correlations

Experiments

Shah

Churchill-Ozoe



NANOFLUIDS
FORCED CONVECTION
Validation of experimental and

theorethical results (GITT )        

Experiments

GITT-Nux

GITT - Num



NanofluidsNanofluids in in ForcedForced ConvectionConvection
Heat Transfer Enhancement (nanofluid x water)



NanofluidsNanofluids in in ForcedForced ConvectionConvection
Heat Transfer Enhancement (nanofluid x water)

water

nanofluid



Part II

� Tutorial on the Generalized Integral 

Transform Technique (GITT)



Separation of Variables
Heat Conduction in a slab
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Problem Formulation
Separation of Variables
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Problem Formulation
Separation of Variables
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Problem Formulation
Separation of Variables

1 21: ( 0) 0 0 1bc x C and Cψ = = → = =
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Separation of Variables

Orthogonality Property

2

0 0

( ) ( )
2i

L L

i j ij i i

L
x x dx N N dxψ ψ δ ψ= ∴ = =∫ ∫

( ,0) 0T x T=

2

1 1

( , ) ( ) ( ) ( ) ( )
ii i i i

i i

T x t x t sin x C Exp tψ µ α µ
∞ ∞

= =

= Γ = −∑ ∑

0

( ) ____

L

i x dxψ∫

10 0

( ) ( ,0) ( ) ( )

L L

i j i j i i
j

x T x dx C x x dx C Nψ ψ ψ
∞

=

= =∑∫ ∫
0

1
0 ( )

L

i i
i

C T x dx
N

ψ∴ = ∫

Orthogonality

Property :



Separation of Variables

Eigenfunction Expansion
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Formal Solution
(General Problem Formulation)

Nonlinear convection-diffusion (M potentials)

Initial and Boundary conditions
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Formal Solution
(Eigenfunction Expansion)

Proposed eigenfunction expansion

Eigenvalue Problem
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Formal Solution
(Transform-Inverse pair)

Orthogonality Property

Integral Transform Pair
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Formal Solution
(Explicit System)

Transient term coefficient

Explicit PDE System
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Formal Solution
(Transformed System)

Integral Transformation

Transformed ODE System
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Formal Solution
(Nonhomogeneous Conditions)

Nonhomogeneous BC´s

2nd Green´s Formula
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Formal Solution
(Transformed System)

Transformed System

Transformed initial conditions
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Formal Solution
(Filtering)

Filtering solution

Filtered problem
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Formal Solution
(Convergence Testing)

Filtering solution

Convergence test
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Application
(Convection with Nanofluids)

Convection Equation – Temperature Dependent Properties

Inlet and Boundary conditions
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Application
(Convection with Nanofluids)

Convection Equation – Temperature Dependent Properties

Temperature Dependent Velocity Field
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Application
(Convection with Nanofluids)

Dimensionless groups

Dimensionless problem
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Application
(Convection with Nanofluids)

Filtering solution

Filtered problem
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Application
(Convection with Nanofluids)

Eigenvalue problem

Eigenquantities
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Application
(Convection with Nanofluids)

Integral Transform Pair

Transformed System
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Results and Discussion
(Application - Convection with Nanofluids)

Input Data

Convergence behavior
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Results and Discussion
(Application - Convection with Nanofluids)

Linear x Nonlinear
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Results and Discussion
(Application - Convection with Nanofluids)

Comparisons
with
Experimental 
Results



� Mathematica
Technical Center –

PEM/COPPE & Wolfram
Research Inc., USA

MTC is responsible for 
basic and advanced 
training and consulting 
in mixed symbolic-
numerical computation 
with the platform 
Mathematica. 

OtherOther initiativesinitiatives
LTTC/COPPE/UFRJLTTC/COPPE/UFRJ
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Sources
Books and Journal
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Sources
Books and Journal



New BookNew Book
CASEE/COPPE/UFRJCASEE/COPPE/UFRJ

� HYBRID METHODS IN 
ENVIRONMENTAL 
TRANSPORT PHENOMENA

Renato M. Cotta, Martinus van 
Genuchten, Paulo F. L. Heilbron, 
Michael J. Ungs

Editors

CASEE 
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A nuestros hermanos argentinos, chilenos y franceses !A nuestros hermanos argentinos, chilenos y franceses !

“En el presente intento ser lo más simple posible, 

siendo complejo pero de una manera secreta y modesta, 

de una manera no evidente.”

Jorge Luis Borges 


