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ABSTRACT

The Generalized Integral Transform Technique
(GITT) is extended and unified to handle a wide class of
nonlinear convective heat and mass transfer formulations that
involve nonlinearities in every each equation and boundary
condition coefficients and source terms. The proposed hybrid
numerical-analytical approach is applicable to both steady and
transient situations, and the integral transformation process is
promoted so as to yield an explicit transformed system, which
can be more efficiently handled by the well-known numerical
algorithms for initial value problems. An application of laminar
forced convection in duct flow with temperature dependent
thermophysical properties is considered more closely to
illustrate the formal solution.

INTRODUCTION

Discrete numerical methods for partial differential
formulations in convection-diffusion belong nowadays to the
routine work of thermal engineers involved in design and
development tasks, and are no longer restricted to research and
scientific environments. The various possible approaches are
consolidated and readily available in textbooks and reference
material, as well as in commercial application packages [1].
Nevertheless, from the research point of view, there is still a
strong motivation for the improvement of existing simulation
techniques and for the development of novel strategies that
benefit from numerical analysis and computer science advances
as a whole, such as the advancements on adaptive error control
of ordinary and partial differential equations and the
dissemination of symbolic computation platforms.
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In this context, solution techniques for partial
differential equations that exploit the analytical knowledge
database and rely on modern symbolic computation platforms
have been calling further attention of the research community
and offering measurable advantages over the classical
numerical approaches in a number of applications. Within this
wide research front, we may place the advancement of the
Generalized Integral Transform Technique (GITT) for the
hybrid numerical-analytical solution of convection-diffusion
problems [2-7]. In this case the emphasis is placed on extending
the classical integral transform method making it sufficiently
flexible to handle problems that are not a priori transformable,
such as in the case of problems with nonlinear coefficients in
either the equation or the boundary conditions [8-15]. Various
classes of nonlinear problems in heat and fluid flow have been
handled by the GITT, and among them convective heat transfer
problems formulated by either the boundary layer of full
Navier-Stokes formulations, for cavity, duct or external flows,
here reviewed just for the internal flow situation of closer
interest to the application to be later considered [16-30].
Nevertheless, only in a few situations [23-24] the full nonlinear
nature of these equations have been dealt with, including not
only the usual nonlinear terms that derive from the convective
formulation, but also those due to the variable physical
properties, especially in their dependence with temperature.

The present work is thus aimed at extending and
unifying the integral transform approach in handling
convection-diffusion problems with nonlinear behavior in all
equation and boundary condition coefficients and source terms.
A fairly general formulation is considered that encompasses a
wide class of problems that appear in thermal engineering. In
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light of the possible nonlinear nature of the transient term (or
equivalent space variable), an explicit transformed system
formulation is preferred, which brings advantages in the
numerical computation of the transformed potentials. Also, a
flexible filtering solution is allowed for that aims at reducing
the relative importance of equation and boundary source terms
in the eigenfunction expansions convergence behavior.

The proposed methodology is then illustrated for a
fully nonlinear convective heat transfer problem related to
laminar tube flow of ordinary liquids with all thermophysical
properties expressed with temperature dependence.

PROBLEM FORMULATION & FORMAL SOLUTION

We consider a sufficiently general formulation on
convection-diffusion, which encompasses most of the problem
statements in convective heat and mass transfer of interest in
thermal engineering that have been dealt with via integral
transforms (GITT). A set of potentials, T (X,t),k=1,2,..M,

dependent on position X and time t (or equivalent space
coordinate) such as temperature, concentrations, velocity
components, pressure, etc, are defined in region V with
boundary surface S, and obey the following convection-
diffusion equations which include nonlinear coefficients in all
equation and boundary source terms:

k aTk (Xat) *
W (x,t,'l'I ) o + u(x,t,'l'I ).VTk x,0= V.kk (x,t,'l'I )VTk x,1)-
A L TT D+ B (L T,), X eV, t>0, k1 =1,2,.M
(1.a)
with initial and boundary conditions
Tk(x,O) = fk(x), xeV (1.b)
ak(x’ta ) k(xat)+ﬁk(x’t’ ) k(Xata |) an (1C)

=Gt T). xeS

The proposed hybrid numerical-analytical approach, based
on integral transforms, starts with the proposition of a formal
solution in terms of an eigenfunction expansion of the desired
potentials, T, (X,t), with the corresponding time-dependent

expansion coefficients, A (1), to be determined:
e o]
Tk (x,t)= izl Ak,i (t)V/k,i (%) (2)

where the eigenfunctions w,;(X), are obtained from a

representative eigenvalue problem that contains as much
information on the original problem as possible, in the form:

V.kk x)V Vi xX)+ (”I%,i W (xX)— dk (X))V/k,i xX)=0,xeV
(3a)

with boundary conditions
oy (%)
k
4 W 00+ ﬁk(x)kk(x)a—: =0, xeS  (3b)

The coefficients, W, (X),k, (X),d, (X),, (X),and S, (x), of the
auxiliary problem (3a)-(3b) are expected to include information
related to the original nonlinear coefficients in eqs.(1.a)-(1.c).
Note that the convection term in eq.(1.a) was not represented in
the auxiliary problem (3a)-(3b), since a non-self adjoint
eigenvalue problem would result. Although this situation was
also considered with some advantages in the GITT literature,
for the sake of generality in the present unification attempt,
only Sturm-Liouville problems of well-known spectral
behavior are considered. Thus, problem (3a)-(3b) offers an
orthogonality property to the eigenfunctions which is quite
relevant in the present methodology, written as:

.[Wk (X)l//k,i (X)l//k,j (X)dv = 5” Nk,i (4a)
v

where the Kronecker delta as usual is equal to 1 for i=j or 0 for
i# and N,;are the normalization integrals which are

computed from:

Ny = [ w, (s (x)dv (4b)
\%

With the aid of eq. (4a), we may operate on the proposed
expansion, eq. (2), with the integral operator

J.Wk (XW,; (X)—av, to obtain the expansion coefficients:
\%

A (O = [ 00, (9T, (x D )

K,j Vv
once all of the terms in the infinite sum of eq.(2) vanish, except
that one when i=j. Then, eqs.(2) and (5) offer the integral

transformation pair of formulae, called the inverse and the
transform:

Tk(x,t)zilﬁkﬂi(x)ﬁ,i(t), inverse (6a)
T (0 = [W 00, 00T, (xhdv,  transform  (6b)

where the normalized eigenfunction is adopted, thus splitting
the norm between the two formulae, transform and inverse, in
the form:
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¥y (X)

¥, (X) :W

The next step in the GITT approach is then the integral
transformation of egs.(1.a), making use of the transform-
inverse pair above defined. The traditional approach would
involve the integral transform operation, with the aid of the
transformation formulae, eq.(6.b), on both sides of eq.(1.a),
which for this fully nonlinear formulation would result in a
coupling nonlinear coefficients matrix in the left hand side of
the transformed system, due to the nonlinear nature of the

(6¢)

*
transient term coefficient in the original problem, W (X’t’TI ).

From the computational point of view, such implicit nonlinear
formulation would require that this matrix be inverted along the
numerical integration process for the transformed system, from
most of the initial value problem solvers procedure, resulting in
increased computational cost. However, before proceeding, it is
advantageous to rewrite the problem formulation so as to offer
an explicit linear integral transformation of the transient term.
Since the final result of the integral transformation shall be the
construction of an initial value problem for obtaining the

transformed potentials, 'ij (t), it is less computationally

involved to the associated numerical solution procedure for
ordinary differential equations, to deal with an explicit linear
system that would not require numerous matrix inversions
related to a nonlinear coefficients matrix in the transient term.
Therefore, the transient term coefficient can be rewritten as:

*
Wk(x,t,T|)

= -1 7
w00 W (0C, (L T) (7

W; (x,t,'l'I )= Wk (x)

which results in the new version for eq.(1a):

o 1)
ot
* *

W, ()

—ULT) VT, Ot + P: LT XV, t>0
(3)

or simply,
aTk (X,1)

kT = 9
w, (%) p H LT, t>0,1k=12,....M (%a)

where,

H, (LT = C (LTI K (GETVT, (x0) ob)

% %
_dk(xathl )Tk(xvt) - U(thyTl )VTk (X:t) + Pk (XataTl )]

with initial conditions given by eq. (1.b), and also rewritten
boundary conditions

t
& 0T, (1) + B (0K, (x) K )—¢k(x,t,T) xeS (9)

where,

A OGET) =4, (G ET) + [ (0 — 5 (XL THTT (X, 1)

9d)
OT (Xt (
HA0OK (00~ AL TIK et T )
The integral transformation process itself is then performed, by
operating eq.(9a) on with j ¥\ (X)—dv, to obtain:

\%

dT,; (1)

" —j Fa OOH LT, t>0,i=1,2,... (10a)
\%

In principle, the direct integration of the right hand side of
eq.(10a) would give a vector, upon substitution of the inverse
formula, eq.(6a), into the nonlinear terms, that would however
not contain any information on the boundary source terms,
@ (X,1,T,) . Therefore, in order to account for the boundary

condition contribution, we first split this rhs in two, as follows:
di,i ®)
dt
- * *
\.ﬁ V/k,| (X)Ck (XataTI )[Pk (XstsTI ) - dk(xataTI )Tk(xat)

- %
:\j/ Yk, (x)Ck (x,t,TI )V.kk (x,t,'l'I )VTk (X,t)dv +

- u(x,t,TI ).VTk (x,t)]dv
(10b)

The first term in the rhs above can be rewritten
following the 2™ Green's formula, to find:

~ %
\.!. V/k,i (X)Ck (X’taTI )ka (th’TI )VTk (Xat)dV:

J T (x,t)v.k;:(x,t,TI WL (9C, (LT, av -+

AT (10c)
J K AT (0C T —K

Vlk,i (X)Ck (XstsTI )]
T (6D Yav
on

or,
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~ *
[ Vi ()C, LTIV (X LTHVT, (X, tdv =

<

* *
] T &DIVK T VO, + VK C

Vi, . Jdv+
v k k™ 7k,

aT, (x.1) (10d)
.[ k (X:tsT ){C (XataT )[l//k i (X)—

OP ;0 oC, (X,1.T))

T OGO =Ty (0 (00— v

Therefore, the transformed system can be written in the short
form below:

dfk,i (t)
dt

=i T

Y,  t>0,k=12,..M,i=12,..

(11a)

where the vector Fki (t,f, ;),is  formed by the three

contributions below:

hk|(t ) hkl(t’ | ])+qk|(t )+gk|(t ) (11b)

with,
i @) BRI LTI (LT,

(11c)
—d;:(x,t,TI T, 06D = UOGLT VT, (6 Dldv

qkl(t )—\f/ T, (X, D[V. kky/kIVCk+V kakV V7k,i ]Jav
(11d)
6T (x,t)
G T =L Ko K L TIC LTI (00—
kI(X) oC (xtT)
T2 —1=T (6O (x)a—}ds
(11e)

The coefficient vector containing the eigenfunction divergent
contribution may also be rewritten more conveniently for
computational purpose in the form:

(t )_j T, (x t)[Vk VCk+ka vVC ]://k dv+
V

0.
\J/ k(x,t)(2)/kVCk +C YRk Vi v+ (119
J TeDAC VKV gy v

The eigenvalue problem, eq.(3a), can be employed to further
simplify this vector, as:

— - * *
T, = [ DIV YC +VIGYC G A Wy, 0+

k

+ Cl(v7/|<)(k|(v l/7k‘i (X))dV—

J T, (XD(27,VC,

yfj T 6 DAC, W 7y, ()
\%
(11g)

where,

E3
k (x,t,T)

_ kK | 11h

7k(x,t,T|)—7kk(x) (11h)

The boundary source term contribution can be written explicitly
by manipulating the two boundary conditions, for the original
and auxiliary problems, eqs.(9d) and (3b), respectively, to
yield:

o 71y 00—k 00 Vs
9, (t,T.,j)=£ 7 Cif LTI 2 007 B, 00 1ds
. ) oC, (X,L.T))
- i K OCETT, (D7 () — ————ds
(111)

Though formal and exact, the above manipulation to account
for the boundary conditions source terms introduces some
additional complexity due to the requirement of evaluating
derivatives of the nonlinear coefficient C (L)) -

Alternatively, one may prefer a more straightforward approach
to find the contribution of the boundary source terms, as now
described. Starting from eq.(10.b), we sum and subtract the
contribution of the actual flux divergent term, i.e.:

di i ®
dt

—j wkl(x)[C (x,t,T) I]Vk (x,t,T )VT (x,tHdv+
\j/ V7k,i (x)V.kk (x,t,TI )VTk (x,t)dv +

§ Vi 00G et P (T = d (LT T, (D)

- u(x,t,'l'I ).VTk (x,t)]dv

(11j)
Now, the second Green formula is applied solely to the second
term in the right hand side, which corresponds to the integral
transformation of the original flux divergence term, in the form:
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SIG
ot

:\5 l/7k,i (x)[Ck (x,t,'l'I )— l]V.kk (x,t,'l'I )VTk (x,t)adv+

* ~
\;Tk (x,t)V.kk (x,t,'l'I W ki (X)dv +

oT, (x,t)
on

oy (X)
ki ]ds+

=T (Xt
K0 P

L KT 0

\£ ‘/7k,i (x)Ck (x,'[,'l'I )[Pk (x,t,'l'I )— dk(x,t,'l'I )Tk (x,t)
—UET)VT, (X H]dv

(11k)
Therefore, the alternative transformed system can be written in
the short form below:

di® .
= hk,i (t7T| ,j ),

dt

t>0,k=12,...M,i=12,.
(111)

where the vector F\(,i tT, ;)»is now formed by the three new

contributions below:
2 — 2% — ~ — ~ —
hk,i (t7T|,j )= hk,i (taTl’j )+ qk,i (t9T|,J' )+ gk,i (taTl’j ) (11m)

with,

R — - *
i 0T )= i LG 0T =TIV K O TOVT, G-+

\; l/7k)i (X)Ck (X,t,'l'I )[Pk (X,t,'l'I ) - dk(x,t,'l'I )Tk (x,t)

—u(x,t,'l'I ).VTk(x,t)]dv

(11n)
G T, NnE \j/ T (x,t)V.k: LTV (O (110)
A — * B aT, (x,1) al/;k,i ()
G T, )= L Kb T 00— Ty o — s
(11p)

The alternative transformed system offered by eqs.(111)-(11p)
involves more stratightforward final expressions, especially in
avoiding derivatives of the nonlinear coefficients in the original
transient term. Eqgs.(11a) or (111) require the transformed initial
conditions for each potential, upon integral transformation of

eq.(1.b) with j W, (X8 (X) — v, to find:
\%

T (0) = [ W (X7 (%), (x)v (11g)

Egs.(111) to (11q) form an infinite coupled system of
nonlinear ordinary differential equations for the transformed

potentials, 'ITk,i (1), which is unlikely to be analytically solvable.

Nevertheless, fairly reliable algorithms are readily available to
numerically handle this ODE system, after truncation to a
sufficiently large finite order. The Mathematica system [31]
provides the routine NDSolve for solving stiff ODE systems
such as the one here considered, under automatic relative error
control. Once the transformed potentials have been numerically
computed, the Mathematica routine automatically provides an
interpolating function object that approximates the t variable
behavior of the solution in a continuous form. Then, the
inversion formula can be recalled to yield the potential field
representation at any desired position X and time t (or
equivalent space coordinate).

FILTERING SOLUTION

The formal solution above derived provides the basic
working expressions for the integral transform method.
However, for an improved computational performance, it is
always recommended to reduce the importance of the equation
and boundary source terms so as to enhance the eigenfunction
expansions convergence behavior.

One possible approach for achieving this goal is the
proposition of analytical filtering solutions, which essentially
remove information from the source terms into a desirably
simple analytical expression. Several different alternative filters
may be proposed for the same problem, and the user experience
may be quite helpful in finding the right combination of
analytical involvement and numerical improvement.
Nevertheless, the filter is in general means proposed as:

T D =T 0D+ ¢ 06D (12)

where the variable t is a parameter in the filter solution
proposition, T (X;t) .

The net effect of the filter is to provide a new filtered
problem, with reduced importance of the original problem
source terms, written as:

ot

_ * * B * % (133)
= Ck(x,t,'l'I )[V.kk (x,t,'l'I )VTk (x,t) dk(x,t,'l'I )Tk (x,t)

—UeGLT, ).VT:(x,t)+ R ¢ LTLXeV, >0

where the filtered source term is given by
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Pk f (x,t,T )= P (x,t,T )+ V. k (x,t,T )V KF (x,t)
w (x) 0T, ¢ (X.1)
—d:;(x,t,TI M 06D =UGLT VT, (D) 'ék %
(13b)
with initial and boundary conditions
T (%,0)= i () = 0Ty (%,0), xeV (13c)
%
* 5Tk (x,1)
o, )T (XD + ﬂk(x)kk(x) = ¢k’f (6T, xeS (13d)
where,
oT, ¢ O61)
¢k,f (Xat,T| )= ¢k(X,t,T| )*ak(X)Tk’f (x,t)— ﬁk(x)kk(x)
(13e)

Thus, the above formal solution applies directly to the
following filtered problem, once the initial conditions, the
equation and boundary source terms have been adequately
substituted.

APPLICATION

We consider forced convection heat transfer inside a
circular tube for incompressible laminar flow of a Newtonian
liquid with temperature dependent thermophysical properties,
including viscosity, thermal capacitance, and thermal
conductivity. The tube is subjected to a prescribed uniform wall
heat flux, with uniform inlet temperature and negligible viscous
dissipation effects. This problem has a strong practical
motivation [32] with a renewed interest due to more recent
applications in forced convection such as microchannels and
nanofluids [33].

The related energy equation and inlet and boundary
conditions are written as:

T 10
oz

pC, (MU, T)y——=="72

,0<r<r,,z>0

[rkmm}

or
(14a)

T(r,00=T,, 0<r<ry (14b)

oT(r,z)
or

oT(r,z)

=0, 1=0; —k(M—==-q , r=fy,z>0 (14¢)

where the temperature dependent fully developed velocity
profile is obtained by direct integration of the momentum
equation [34]:

[ (T)a“(Ir Z)} @ oy 250 (15a)
dz
%:0, r=0; ur,2=0, r=ry, z>0 (15b)
r

The following dimensionless groups are then defined:

R=—| Z:“oi’ U(R’Z):u(r,z)’
rW 0 'w o
Uu(R) = fd(r)=2(1—R2) (9)—k(T) a, = K ’ (16)
0 Ko PoCpo
C(9)=M, Q(RZ)ZT(r3Z)_T0
p(Me,(Tu(r,T) a,r, /K

and the problem formulation in dimensionless form is given as

69(RZ) d 90(RZ)
RU 4 (R) cwgimw>éﬂ} 0<R<1.Z50
(17a)
O(R0)=0, 0<R<l (17b)
M:o,R:o; y(@)mzl, R=1, z>0 (17¢)
AR AR

The following filtering solution is proposed:

2
Hﬂm:%— (182)

with
0(RZ)=0"(R2)+0; (R (18b)

Then the problem formulation becomes:

*
RU fd(R)%;*Z) C(@);[Ry(ﬁ)(’;i]+ P, (67).0<R<1.Z>0
(19a)
B R2

H(R,O):—T, 0<R<1 (19b)

00" (RZ 06" (RZ 1
90 R2) 4 reo, ﬂ—[—qj, R=1, Z>0

oR oR 7(0)
(19¢)
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where,

2 0y| 06 (19d)
P (0 )= C(H)[2R}/(0)+R 00( R +RJ:|

The auxiliary problem is chosen as:

i[RM}rﬂiszi(R):o, 0<R<1 (202

drR drR

dy: (R dy: (R

Mzo, R=0; Mzo, R=1 (20b)
dR drR

which yields the solution
vi (R =34 (4R) (20¢)
with eigenvalues obtained from

J(4)=0, i=0,12,.. (20d)
where 4, =0is also an eigenvalue, and the normalization
integral is given by

1
N =2 33 () (20e)

while the normalized eigenfunctions result in

7 (R =221 iR (201)
0(ﬂ|)

The integral transform pair is then given by:

6" (RZ) =_°zoox/7i (RG(Z),  inverse 1a)
i=

6.(2)= j(l) Ry (RO (RZ)IR,  transform (21b)

The integral transformation process leads to the
following ODE system:

- d0;(2)

~h (2.),

Z>0,0,j,1=0,1,2,...  (22a)

6,(0)=f, (22b)

where,

Lk — 1 8 89* ~
h (Z,0))=[[C(O) - l]a_R(Ry(g)(ﬁ + R)}//i (R)dR

(22¢)
2o (10 o7, (R, - R
G(Z.6)=1 aR(Ry(e)—aR j][e (RZ)+=-1dR
(22d)
0.(2,0)=y,(1) (22¢)
where,
oy(0) _ dy(0) 80 (220

R 060 OR

or in terms of the more detailed expressions

R* 0y(0)

‘ dy7, (R
4(2.0)=[ RO (RZ)+) JPORD) o dr(R) o

00 OR drR

2

4 [|RYO10' (R2)+5-)7, (RIR+

(22g)

with the transformed inlet conditions
— |
f = = fo R, (R)dR (22h)

Also, the linear coefficients matrix in the transient term is
readily computed in analytic form, and inverted only once to
provide the desired explicit transformed system for numerical
solution. The coefficients are obtained from:

= [ RU (R, (R, (RR (220

The dimensionless velocity field is given by direct integration
of the momentum equation in the form:

1 R'
INC)

R" oo
2j jRA(H)dR drR

U(RZ) =

(23a)

where the dimensionless viscosity is written as,

Ho
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RESULTS AND DISCUSSION

The proposed approach was implemented in the
mixed symbolic-numerical platform Mathematica 5.2 [31] and
a few representative results were obtained to illustrate the
convergence behavior of the eigenfunction expansions. An
actual physical situation dealing with internal forced convection
of water-alumina nanofluids was considered [35], and the code
was employed to investigate the influence of variable
thermophysical properties in the heat transfer enhancement
attributed to nanofluids undergoing forced convective heating.
Here we selected one case employed in the validation with pure
water laminar flow with the following pertinent data:

r, =0.00315m; q, =6891.3 Wm’; L=245m;
u, =0.159m/s; T,=219°C; k,=0.6W/m°C;
a,=1.436x10"m’/s; v, =9.584x10"m’/s

The resulting Reynolds number is around Re=1380 and the
Prandtl number is Pr=6.67. All the thermophysical properties
were allowed to vary with temperature, including viscosity and
its corresponding effect on the velocity field. A few selected
positions at the external wall along the tube were taken
corresponding to thermocouple locations, and are here used to
illustrate the convergence behavior of the -eigenfunction
expansion implemented.

Thus, Table 1 shows the convergence behavior of the
dimensionless duct wall temperature at the chosen
dimensionless axial positions. The maximum system truncation
order is taken as N=10 and NI=38 segments are employed in
the semi-analytical integration of the system coefficients
vectors [36]. Also shown in the last column are the results from
an approximate numerical solution obtained by linearizing the
velocity field with the temperature distribution obtained from
the linear problem formulation while retaining the other
thermophysical properties as temperature dependent. This
approximate formulation was solved with the aid of the
Mathematica system routine NDSolve, which implements a
numerical solution via the Method of Lines [31].

Table 1- Convergence of dimensionless duct wall temperature
at different axial positions, Z (N<10, NI=38 segments).

Z N |2 4 6 8 10 Num.*

0.0013 | 0.1366 | 0.0968 | 0.0936 | 0.0951 | 0.0958 | 0.0838

0.0179 | 0.2629 | 0.2749 | 0.2782 | 0.2783 | 0.2782 | 0.2823

0.0353 | 0.3453 | 0.3633 | 0.3642 | 0.3640 | 0.3639 | 0.3662

0.0699 | 0.4686 | 0.4837 | 0.4836 | 0.4832 | 0.4830 | 0.4848

0.1080 | 0.5762 | 0.5866 | 0.5860 | 0.5855 | 0.5852 | 0.5874

0.1480 | 0.6733 | 0.6800 | 0.6792 | 0.6786 | 0.6782 | 0.6812

0.1807 | 0.7452 | 0.7499 | 0.7490 | 0.7483 | 0.7479 | 0.7516

0.2180 | 0.8229 | 0.8261 | 0.8250 | 0.8242 | 0.8237 | 0.8286

(*) NDSolve routine — Method of Lines (linearized velocity field) [31]

Clearly, the integral transform results with truncation orders up
to 10, already offer a convergence to the third decimal digit in

the dimensionless wall temperature along the duct length. On
the other hand, the simplified formulation and numerical
solution does not seem to offer accurate results at regions close
to the inlet, though improving to a two digits agreement with
the GITT solution for regions closer to the channel outlet.

Figure 1 ©below illustrates the dimensionless
temperature radial distributions along the channel length, for
the same axial locations as considered in Table 1, which are
here represented by colors ranging from pure blue to pure red
(2=0.0013, 0.0179, 0.0353, 0.0699, 0.1080, 0.1480, 0.1807,
0.2180). The solid lines correspond to the full nonlinear
formulation here considered while the dashed lines are obtained
from the classical linear formulation of Graetz problem. As
expected the deviations are more significant within the regions
of larger temperature gradients, corresponding to regions closer
to the wall and as the fluid heating progresses. Also, the heat
transfer enhancement effect may be observed in the reduction
of the duct wall temperatures as the nonlinear properties are
accounted for, especially due to the reduction of the viscosities
close to the hotter duct wall, with the subsequent fluid
acceleration in this region.

8(R, 2
1

Figure 1- Dimensionless radial temperature distributions for
linear (dashed lines) and nonlinear (solid lines) formulations
and axial positions increasing from blue to red (Z=0.0013,
0.0179, 0.0353, 0.0699, 0.1080, 0.1480, 0.1807, 0.2180).

CLOSING REMARKS

The present analysis unifies previous developments
on the hybrid numerical-analytical approach named the
Generalized Integral Transform Technique (GITT), as applied
to the solution of convective heat and mass transfer problems in
various different situations of cavity, external and duct flows.

The proposed formulation includes nonlinearities in
all equation and boundary conditions coefficients and source
terms, so as to allow for the direct simplification of the final
derived expressions for every each specific application. Also,
the methodology here advanced introduces a strategy to avoid

8 Copyright © 2007 by ASME



nonlinear implicit transformed ODE systems, by rewriting the
problem formulation in explicit form with respect to the highest
derivative of the dependent variable not eliminated by integral
transformation. In this way, an explicit transformed system
results which allows for computational savings in the available
numerical solvers for initial value problems, since the inversion
of a nonlinear coefficients matrix is avoided.

Finally, an example of thermally developing forced
convection in laminar tube flow of liquids is considered for
illustrating the use of the derived expressions, involving all of
the thermophysical properties, viscosity, thermal conductivity
and thermal capacitance, with temperature dependence.

The hybrid solutions here developed are part of a
wider on-going effort in the construction of an unified integral
transforms simulation platform (UNIT Project) for diffusion
and convection-diffusion problems [37].
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NOMENCLATURE

Cy- specific heat of the fluid [J/kgC]; Kk -thermal conductivity of
the fluid [W. m* .K™], Pr- Prandtl number; g, - imposed heat
flux at duct wall|W/nm?]; r,, — tube radius [m]; Re- Reynolds
number, Tg- inlet temperature [°C]; T- fluid temperature [°C];
u- fully developed velocity [m.s']; Uo- average velocity [m.s™];
U-dimensionless  longitudinal velocity; z -longitudinal
coordinate [m]; Z- dimensionless longitudinal coordinate; -
radial coordinate [M]; R- dimensionless radial coordinate;
Greek letters: e- thermal diffusivity for the fluid [n?.s?]; e-
dimensionless temperature (fluid); e- kinematic viscosity
[mR.sY]; p- absolute viscosity [kg.m.s']; p- fluid specific mass
[kg/m’]; A — dimensionless viscosity;

REFERENCES

[1] W.J. Minkowycz, E.M. Sparrow, and J.Y. Murthy, Eds.,
Handbook of Numerical Heat Transfer, 2™ edition,
John Wiley, New York, 2006.

[2] RM. Cotta, Integral Transforms in Computational Heat
and Fluid Flow, CRC Press, Boca Raton, FL, 1993.

[3] RM. Cotta, "Benchmark Results in Computational Heat
and Fluid Flow: - The Integral Transform Method",
Int J. Heat & Mass Transfer (Invited Paper), V. 37,
Suppl. 1, pp. 381-394, March 1994.

[4] RM. Cotta and M.D. Mikhailov, Heat Conduction:
Lumped Analysis, Integral Transforms, Symbolic
Computation, Wiley-Interscience, New York, 1997.

[5] RM. Cotta, The Integral Transform Method in Thermal
and Fluids Sciences and Engineering, Begell House,
New York, 1998.

[6] C.A.C. Santos, JN.N. Quaresma, and J.A. Lima,
Benchmark Results for Convective Heat Transfer
in Ducts: - The Integral Transform Approach,
ABCM Mechanical Sciences Series, Editora E-Papers,
Rio de Janeiro, 2001.

[71 R. M. Cotta and M.D. Mikhailov, “Hybrid Methods and
Symbolic  Computations”, in: Handbook of
Numerical Heat Transfer, 2™ edition, Chapter 16,
Eds. W.J. Minkowycz, E.M. Sparrow, and J.Y.
Murthy, John Wiley, New York, pp.493-522, 2006.

[8] RM. Cotta, "Hybrid Numerical-Analytical Approach to
Nonlinear Diffusion Problems", Num. Heat Transfer,
Part B, V. 127, pp. 217-226, 1990

[9] R. Serfaty and R.M. Cotta, "Hybrid Analysis of Transient
Nonlinear Convection-Diffusion Problems", Int. J.
Num. Meth. Heat & Fluid Flow, V. 2, pp. 55-62,
1992.

[10] R. Serfaty and R.M. Cotta, "Integral Transform Solutions
of Diffusion Problems With Nonlinear Equation
Coefficients", Int. Comm. Heat & Mass Transfer,
V.17, N. 6, pp. 851-864, 1990.

[11] AJK. Leiroz and R.M. Cotta, "On the Solution on
Nonlinear Elliptic Convection-Diffusion Problems
Through the Integral Transform Method", Num. Heat
Transfer, part B - Fundamentals, V. 23, pp. 401-
411, 1993.

[12] J.W. Ribeiro and R.M. Cotta, "On the Solution of
Nonlinear Drying Problems in Capillary Porous Media
Through Integral Transformation of Luikov
Equations", Int. J. Num. Meth. Eng., V. 38, pp.
1001-1020, 1995.

[13] R.M. Cotta and R. Ramos, "Integral Transforms in the
Two-Dimensional ~ Nonlinear ~ Formulation  of
Longitudinal Fins with Variable Profile", Int. J. Num.
Meth. Heat & Fluid Flow, V.8, no.1, pp.27-42, 1998.

[14] M.D. Mikhailov and R.M.Cotta, “Heat Conduction with
Non-linear Boundary Conditions:- Hybrid Solutions
Via Integral Transforms and Symbolic Computation”,
Proc. of the 11" Int. Heat Transfer Conf., V.7,
pp-77-81, Seoul, Korea, August 1998.

[15] E.N. Macedo, R.M. Cotta, and H.R.B. Orlande, “Local-
Instantaneous Filtering in the Integral Transform
Solution of Nonlinear Diffusion Problems”,
Computational Mechanics, V.23, pp.524-532, 1999.

[16] R.M. Cotta and T.M.B. Carvalho, "Hybrid Analysis of
Boundary Layer Equations for Internal Flow
Problems", 7th Int. Conf. on Num. Meth. in
Laminar & Turbulent Flow, Part 1, pp. 106-115,
Stanford CA, July, 1991.

[17]J.S. Perez Guerrero and R.M. Cotta, "Integral Transform
Method  for Navier-Stokes Equations in Stream
Function-Only Formulation", Int. J. Num. Meth. in
Fluids, V. 15, pp. 399 - 409, 1992.

9 Copyright © 2007 by ASME



[18] H.A. Machado and R.M. Cotta, "Integral Transform
Method for Boundary Layer Equations in
Simultaneous Heat and Fluid Flow Problems", Int. J.
Num. Meth. Heat & Fluid Flow, V.5, pp. 225-237,
1995

[19] J.S. Perez Guerrero and R.M.Cotta, "Integral Transform
Solution of Developing Laminar Duct Flow in Navier-
Stokes Formulation", Int. J. Num. Meth. in Fluids,
V. 20, pp. 1203-1213, 1995.

[20] E. Figueira da Silva and R.M. Cotta, "Benchmark Results
for Internal Forced Convection Through Integral
Transformation"”, Int. Comm. Heat & Mass
Transfer, vol.23, no.7, pp.1019-1029, 1996.

[21] E. Figueira da Silva and R.M. Cotta, “Mixed Convection
Within Vertical Parallel-Plates:- Hybrid Solution by
Integral Transforms”, Num. Heat Transfer, part A -
Applications, vol.33, pp.85-106, 1998.

[22] L.M. Pereira, J.S. Perez Guerrero, and R.M. Cotta,
“Integral Transformation of the Navier-Stokes
Equations in Cylindrical Geometry”, Computational
Mechanics, V.21, no.1, pp.60-70, 1998.

[23] H.A. Machado, and R.M. Cotta, “Analysis of Internal
Convection with Variable Physical Properties Via
Integral Transformation”, Num. Heat Transfer -
Part A: Applications, V.36, no.7, pp.699-724, 1999.

[24] H.A. Machado and R.M. Cotta, “Integral Transform
Computation of Compressible Boundary Layers”,
Hybrid Meth. Eng., V.1, no.2, pp.139-160, 1999.

[25] I.S. Perez Guerrero, J.N.N. Quaresma, and R.M. Cotta,
“Simulation of Laminar Flow Inside Ducts of Irregular
Geometry Using Integral Transforms”,
Computational Mechanics, V.25, no.4, pp.413-420,
2000.

[26] R. Ramos, J.S. Perez Guerrero, and R.M. Cotta, “Stratified
Flow Over a Backward Facing Step:- Hybrid Solution
by Integral Transforms”, Int. J. Num. Meth. in
Fluids, V.35, no.2, pp.173-197, 2001.

[27] S. Kakag, C.A.C. Santos, M.R. Avelino, and R. M. Cotta,
“Computational Solutions and Experimental Analysis
of Transient Forced Convection in Ducts”, Invited
Paper, Int. J. of Transport Phenomena, V.3, pp.1-

17,2001.
[28] R.M. Cotta, C.A.C. Santos, J.N.N. Quaresma, and J.S.
Perez-Guerrero, “ Hybrid Integral Transforms in

Convection-Diffusion: Recent Applications in Internal
Flow Simulation”, Invited Lecture, Proc. of the 4™ Int.
Conf. Computational Heat and Mass Transfer, 4™
ICCHMT, vol.1, pp.153-164, Paris-Cachan, France,
May 2005.

[29] G.G.C. de Lima, C.A.C. Santos, A. Haag, and R.M. Cotta,
“Integral Transform Solution of Internal Flow
Problems Based on Navier-Stokes Equations and
Primitive Variables Formulation”, Int. J. Num. Meth.
Eng., V.69, pp.544-561, 2007.

[30] S.P.A. Paz, ENN. Macedo, J.N.N. Quaresma, and R.M.
Cotta, “Eigenfunction Expansion Solution for

Boundary Layer Equations in Cylindrical Coordinates:
Simultaneously Developing Flow in Circular Tubes”,
Num. Heat Transfer — part B Fundamentals, in
press.

[31] S. Wolfram, 2005, The Mathematica Book, version 5.2,
Cambridge-Wolfram Media.

[32] S. Kakac,, The effect of temperature-dependent fluid
properties on convective heat transfer, in: S. Kakac,,
R.K. Shah, W. Aung (Eds.), Handbook of Single-
Phase Convective Heat Transfer, Wiley, New York,
1987, Chapter 18.

[33] C. Nonino, S. Del Giudice, S. Savino, Temperature
dependent viscosity effects on laminar forced
convection in the entrance region of straight ducts, Int.
Journal of Heat and Mass Transfer v. 49, pp.4469—
4481, 2006.

[34] K. T. Yang, “Laminar Forced Convection of Liquids in
Tubes with Variable Viscosity, J. Heat Transfer,
v.84, pp.353-362, 1962.

[35] R. M. Cotta, H. R. B. Orlande, P. Couto, A. Balbo, C. A.
A. Mota, H. Massard, C. P. Naveira, A. G F. Pereira,
and G. P. de Sousa, “Nanofluids: Fabrication,
Caractherization, Thermophysical Properties, and
Forced Convection”, Final Project Report,
COPPETEC no.PEM7393, under contract for
Petrobras Research Center, Rio de Janeiro, Brasil, July
2007.

[36] Cotta, RM., and M.D. Mikhailov, “Semi-Analytical
Evaluation of Integrals for the Generalized Integral
Transform Technique”, Proc. of the 4™ Workshop on
Integral Transforms and Benchmark Problems —
IV WIT, CNEN, Rio de Janeiro, RJ, August 2005.

[37] R.M. Cotta, H.R.B. Orlande, C.A.C. Santos, and J.S. Perez
Guerrero, “Hybrid Methods in Engineering and
Multiphysics”, Invited Lecture, Proc. of the 4"
Workshop on Integral Transforms and Benchmark
Problems — IV WIT, CNEN, Rio de Janeiro, RJ,
August 2005.(CD Rom)

10 Copyright © 2007 by ASME



